Abstract. This paper is devoted to the study of the construction of new quantum MDS codes. Based on constacyclic codes over F q 2 , we derive four new families of quantum MDS codes, one of which is an explicit generalization of the construction given in Theorem 7 in [22] . We also extend the result of Theorem 3.3 given in [17] .
Introduction
Quantum codes have been developed by researchers to detect and correct the errors occurring in quantum channel during transferring quantum information since the discovery of the first quantum code, presented by Shor in [18] , showing the possibility of dealing with the decoherence destroying the information of qubits having a superposition. Similar to the classical case, quantum codes have some parameters, i.e., the length n, the dimension k and the minimum distance d. A quantum code attaining an upper bound on dimension(see Proposition 2.5) is called maximum-distance separable(MDS). Recently, the constructions of quantum MDS code have had much attention, in particular, the constructions obtained from constacyclic codes containing their Hermitian duals over F q 2 , see [3] , [5] - [11] , [14] - [17] , [19] and [21] - [23] . In [14] , Guardia constructed a family of quantum MDS codes with parameters q 2 + 1, q 2 − 2d + 3, d q where q = 2 t , t ≥ 1 and 3 ≤ d ≤ q + 1. In [3] , authors constructed four classes of quantum MDS codes for odd prime power q. Moreover, they tabulated the parameters of quantum MDS codes which had been derived by that time. In [19] codes which are special case of constacyclic codes, they also improved the construction given by Chen et al. in [3] . We further list the parameters of some quantum MDS codes which have been derived up to now in Table 6 . These aforementioned facts lead us to study constructing new quantum MDS codes. The organization of this paper is as follow: In Section 2, we present the fundamentals which are needed in the rest of the paper. In Section 3, we derive some new classes of quantum MDS codes. In Section 4, we tabulate the parameters of some quantum MDS codes constructed till now and discuss that our constructions are new. We finally conclude this paper in Section 4.
Preliminaries
In this section, by giving some basic notions and results regarding on constacyclic codes and quantum codes, we prepare the reader to adapt the paper. Let F q 2 be a finite field of q 2 elements where q is a prime power and let F n q 2 be n-dimensional vector space of n-tuples on F q 2 . A subspace of the vector space F n q 2 is a linear code of length n over F q 2 . The Hamming distance d (x, y) between two vectors x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) is the number of distinct components between them. The elements of a linear code are called codewords. The smallest Hamming distance of distinct elements in a linear code is the minimum distance of that linear code, denoted by d. A linear code of length n and minimum distance d over F q 2 is denoted by [n, k, d] q 2 , where k is the dimension of the linear code over F q 2 and n, k and d are called the parameters of the linear code.
One of the most important linear code families is constacyclic codes. Denote F × q 2 as the multiplicative group of F q 2 and let α ∈ F × q 2 . A linear code of length n over F q 2 is an α-constacyclic code of length n over F q 2 if (αc n−1 , c 0 , . . . , c n−2 ) is a codeword whenever (c 0 , c 1 , . . . , c n−1 ) is also a codeword. It is well-known fact that an α-constacyclic code of length n over F q 2 can be viewed as an ideal in the quotient ring
x n −α since there is a one-to-one correspondence between α-constacyclic codes of length n over F q 2 and the ideals of
x n −α . This enables to describe an α-constacyclic code of length n over F q 2 by a monic divisor g (x) of x n − α, i.e., α-constacyclic code of length n over F q 2 is an ideal generated by g (x) in
x n −α , where g (x) is called generator polynomial. Denote r to be the multiplicative order α in F × q 2 . If (n, q) = 1, then there exists a rn th root β of unity over F q 2 such that β n = α and so all roots of x n − α over F q 2 are β, β 1+r , . . . , β 1+r(n−1) . Set O r,n = {1 + rj, 0 ≤ j ≤ n − 1}. Let (n, q) = 1. Since x n − α divides x rn − 1, the q 2 -cyclotomic coset modulo rn containing 1 + rj is given as C 1+rj = (1 + rj) q 2i mod (rn) , i ∈ N . Then, the union of some q 2 -cyclotomic cosets gives the set O r,n . The defining set of an α-constacyclic code generated by g (x) is a subset Z of O r,n satisfying g (x) = j∈Z x − β j . Note that the dimension over F q 2 of an α-constacyclic code of length n over F q 2 with the defining set Z is n − |Z|. The following bound is useful tool to determine the minimum distance of some classes of constacyclic codes, which is proved in [2] and [13] given as Theorem 2.2 and Lemma 4, respectively. 
The following bound is a well-known upper bound for the dimension of linear codes, which is called the Singleton bound. It is given as Corollary 2.6 in [3] that if an α-constacyclic code over F q 2 contains its Hermitian dual, then r| q + 1. A necessary and sufficient condition for an α-constacyclic code to contain its Hermitian dual is given in [11] as: One of the considerable applications of linear codes over finite fields is to be used to construct quantum codes in efficient way. A q-ary quantum code of length n is a subspace of . Called the quantum Singleton bound, the following bound is an analogue for quantum codes to the Singleton bound given for linear codes.
quantum code is called quantum MDS code if it meets the quantum Singleton bound. It is proved in [12] that if the classical MDS hypothesis holds, the length of quantum MDS code is at most q 2 + 1 when q is odd prime power. The following method is mostly used to construct quantum codes from linear codes over F q 2 containing their Hermitian dual.
Note that if a linear code over F q 2 containing its Hermitian dual is MDS according to Proposition 2.2, then the quantum code obtained from this linear code by being used Theorem 2.6 is also MDS with respect to Proposition 2.5. Therefore, following the method to construct quantum MDS code in the literature and choosing certain length and order, we first find a criteria for constacyclic codes over F q 2 to contain their Hermitian dual and then construct quantum MDS codes from constacyclic codes with the criteria by making use of Theorem 2.6.
New Quantum MDS Codes
We devote this section to derive some new families of quantum MDS codes from constacyclic codes over F q 2 . We focus on what the defining sets of an α-constacyclic codes of certain length to contain their Hermitian dual should be. The trick is here as follow: These defining sets consist of consecutive terms as mentioned in Theorem 2.1 and so these constacyclic codes become MDS.
Hence, we give the parameters of quantum MDS codes obtained from these constacyclic codes via Theorem 2.6. We begin with the length n = q 2 +1 p and the order r = q + 1.
New Quantum MDS Codes of Length
p , q odd prime power. Let q be an odd prime power with p| q 2 + 1, where p is arbitrary prime and let r = q + 1. Then, α is the q + 1 th root of unity over F q 2 . It is easy to see that the multiplicative order of q 2 modulo rn is at most 2. Note that q 2 + 1 = 2t, 2 |t for all odd prime power q. We hence divide this subsection into two cases p = 2 and p > 2.
2 . Then, n is odd and the multiplicative order of q 2 modulo rn is 2 since q 2 < rn. We characterize all q 2 -cyclotomic coset modulo rn in the following. Lemma 3.1. All cyclotomic cosets modulo rn containing 1 + rj are as follows:
It easy to see that the union of cyclotomic cosets presented here gives the set O r,n and so proof is completed.
Then, since C 1+(q+1)j = {1 + (q + 1) j, 1 + (q + 1) (n + q − 1 − j)} for t− δ ≤ j ≤ t, by Lemma 3.1, we have Z = t+δ+1 j=t−δ {1 + (q + 1) j}, that is, Z comprises exactly 2δ consecutive terms. We need the following to derive a class of MDS α-constacyclic codes and quantum MDS codes of length n =
Proof. Suppose Z ∩ −qZ = ∅. Then, there exists some t − δ ≤ j, k ≤ t + δ + 1 such that −q (1 + (q + 1) j) ≡ 1+(q + 1) k mod rn. This implies 1+k +qj ≡ 0 mod rn. Since t−δ = n+1 2 and t+δ+1 = n+1 2 +q−2, it follows from t−δ ≤ j, k ≤ t+δ+1 that
2 (n + 1) + (q + 1) (q − 2) + 1. Since n < (q + 1) (q − 2) < 2n, we get 1 + k + qj = q+3 2 n. Observe that there is no solution of the equation 1 + k + qj = (q + 1) n+1 2 + lq for any integer l and t − δ ≤ j, k ≤ t + δ + 1. Since 2 n for all t − δ ≤ j, k ≤ t + δ + 1. This is a contradiction.
Theorem 3.3. There exists a family of MDS α-constacyclic codes containing their Hermitian duals and having the parameters
, where 3 ≤ d ≤ q and d is odd. 
We now construct a family of quantum MDS codes with length
which was also proved by Kai et al. in [10] . is even since q 2 + 1 = 2t and p is odd. We first investigate the case q 2 < rn. It is immediate that p < q and the multiplicative order of q 2 modulo rn is 2. The following determines all q 2 -cyclotomic cosets modulo rn. Lemma 3.6. All cyclotomic cosets modulo rn containing 1 + rj are as follows: {1 + (q + 1) j,} and so Z comprises exactly 2γ + 1 consecutive terms. We prove the following which is needed for the construction of a family of MDS α-constacyclic codes and quantum MDS codes of length
p , where p > 2 and q 2 < rn. 
Observe that
− γ (q + 1) and
The last inequalities imply that
This contradicts with 1 + k + qj ≡ 0 mod n.
Theorem 3.8. There exists a family of MDS α-constacyclic codes containing their Hermitian duals and having the parameters
, where p is odd prime, 2 ≤ d ≤ 
Theorem 3.9. There exists a family of quantum MDS code with the parameters
where p is odd prime, 2 ≤ d ≤ 2 (γ + 1) and d is even.
Proof. The quantum codes with desires parameters are obtained from MDS α-constacyclic codes derived in Theorem 3.8 via Theorem 2.6 and also are MDS by Proposition 2.5. Table  2 .
Example 3.10. Some new quantum MDS codes derived from Theorem 3.9 are listed in
Let now we investigate the case q 2 > rn. In this case, p is the greatest prime dividing q 2 + 1 and p > q. Let
It is easy to see that q 2 ≡ 1 mod rn. Let x ≡ q 2 mod rn, x < rn and
q+1 . We give all q 2 -cyclotomic cosets modulo rn.
Lemma 3.11. All cyclotomic cosets modulo rn containing 1 + rj are given as: 
Proof. We just prove 4) since the other is similar to Lemma 3.6. It is easy to see that q 2 (q + 1)
n 2 mod rn and q 2 + q 2 (q + 1)
We define the subset Z of the set O r,n to be Z = 
. This implies −qZ ∩ Z = ∅. We hence are ready to give the parameters of MDS α-constacyclic codes and quantum MDS codes of length
p , where p > 2 and q 2 > rn.
Theorem 3.12. There exists a family of MDS α-constacyclic codes codes containing their Hermitian duals and having the parameters
, where p is odd prime and
Proof. An α-constacyclic code C with the defining set Z has the desired parameters. By Theorem 2.1 and Proposition 2.2, this constacyclic code is MDS. By Lemma 2.4,
Routine computations give the following.
Theorem 3.13. There exists a family of quantum MDS codes with the parameters
where p is odd prime and q 2 > rn.
Example 3.14. We list some new quantum MDS codes derived from Theorem 3.13 in Table  3 . where ω is q + 1 th root of unity over F q 2 . It is immediate that each q 2 -cyclotomic coset modulo rn consists of just one element, that is, C 1+pj = {1 + pj} for all 0 ≤ j ≤ n − 1. We first deal with the case in which q + 1 is a prime.
New Quantum MDS Codes of Length
3.2.1. The case q + 1 is a prime. Let q + 1 be a prime and r = q + 1. Then, n = q − 1 and α = ω. We also have the following. 
We define the subset Z of the set O r,n to be Z = We are ready to derive a class of ω-constacyclic codes of length q − 1 over F q 2 containing their Hermitian duals and quantum MDS codes of length q − 1. Proof. Using Theorem 2.6, one can derive the quantum codes with the desired parameters from MDS ω-constacyclic codes given in Theorem 3.17. By Proposition 2.5, these quantum codes are MDS. Table  6 .
Example 3.19. Some new quantum MDS codes derived from Theorem 3.18 are listed in

3.2.2.
The case q + 1 is not a prime. Let q + 1 be not a prime. Then r = p = q+1 t , t ≥ 3 and α = ω t . Let l be the smallest positive integer providing that 1 + pj 0 = l (q − 1) for some 0 ≤ j 0 ≤ n − 1 and let β be nonnegative integer such that 
Proof. Suppose that Z ∩ −qZ = ∅ and note that
. Then, there exists some
Then the possible values of t + qj + k are nz, l + 1 ≤ z ≤ p − 1 since t (q − p) < n and lt (q − 1) < t 1 + p q 2 − β . Observe that it is impossible to provide the equation t + qj + k = nl + µq − ξ for all
Therefore for contradiction it is enough to show that nl + µq −
We now derive a family of ω t -constacyclic codes of length 
, where
Proof. Define the set
Then, S i is a subset of Z containing i + 1 consecutive terms and |S i | = i + 1. Let C i be an ω t -constacyclic code having the defining set S i . Then, C i is an MDS code with desired parameters by Theorem 2.1 and Proposition 2.2. By Lemma 3.20 −qS i ∩ S i = ∅ since S i is a subset of Z and so C
The following is a generalization of Theorem 3.3 presented by Qian et al. in [17] . Table  5 .
Conclusion and Discussion
We have constructed five families of quantum MDS codes and summarize them as follow. Note that p and q are odd prime and odd prime power in first three constructions, respectively.
(1) For 3 ≤ d(odd) ≤ q, Table 6 summing up the parameters of subsequent quantum MDS codes in the literature. By taking into consideration tables given in [3] , [5] and [23] and Table 6 , we say that our constructions except for (1) are new. In particular, in (2), letting q = 10m + 3 and p = 5 or q = 10m + 7 and p = 5, we get the parameters derived in Theorem 7 in [22] . Hence, the construction (2) is an explicit generalization of Theorem 7 in [22] . Moreover, in (5), letting p = 3, we get the quantum MDS codes with the parameters . These parameters coincide with the parameters given in Theorem 3.3 given in [17] . Hence, the construction (5) extends the construction presented in Theorem 3.3 given in [17] . 
